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We present a covariant and supersymmetric theory of relativistic hydrodynamics in four-
dimensional Minkowski space.
Relativistic fluid mechanics [1] is generally simpler to formulate than its non-relativistic counterpart. As it is also
believed to provide a more accurate description of hydrodynamical phenomena, much work has been invested in its
development [2,3]. Recently, an interesting extension of the theory to include non-abelian charges and currents has
been proposed [4]. One of the important aspects of this formalism is that it includes vorticity consistently at the
lagrangean level, by developing a non-abelian generalization of the Clebsch decomposition of the vector conjugate to
the current; for a review with many references, see [5].
In a related development, Jackiw and Polychronakos [6] have presented a supersymmetric theory of fluid mechanics
in (2+1)-dimensional space-time. This model is rather special, as it descents from a supermembrane theory in (3+1)
dimensions [7{9]. It results in a supersymmetric generalization of the non-relativistic planar Chaplygin gas [10]. An
interesting result obtained in [6] is, that the vorticity in the theory is generated by the fermion elds, rather then by
the bosonic component of the fluid. In spite of these advances, so far a relativistic and supersymmetric theory of fluid
mechanics in (3+1) dimensions is lacking. The present work contributes to lling this gap.
The main result of this work is a supersymmetric component action, which we present both in its lagrangean and
hamiltonian form, for a pseudo-classical conserved current Vµ made up of bosonic as well as fermionic contributions.








G0(C)  +γµ −

; @  V = 0: (1)
Here G(C) is some function of the real scalar eld C which, for the purpose of constructing models, needs no further
specication. However, under particular conditions discussed below the current allows an elegant and straightforward
interpretation in terms of fluid flow.



















G 00(C)  + +  − −: (2)
The innitesimal supersymmetry transformations leaving the action invariant, parametrized by anti-commuting spinor
parameters , are:
C = + + + − −; N = iG(C) (− − − + +) ;
 + = (@=C + iV= ) −;  − = (@=C − iV= ) +;
Vµ = 2i+µν@ν + − 2i−µν@ν −;
(3)
Under these transformations the variation of the lagrangean is a total divergence:
L = @µ (+B+µ + −B−µ) ; (4)




1Our conventions for chiral spinors are such, that γ5 ± =  ± and  ¯±γ5 =  ¯±; charge conjugations acts as  ± = C ¯T±,
where  ¯± = i †∓γ0. It should also be noted, that the euclidean γ4 = iγ0 is hermitean, hence γ0 is anti-hermitean.
1
B+µ ’ −12 G(C) γµ (@=C − iV= ) + −
1
2
G 0(C) γµ −  + +;
B−µ ’ −12 G(C) γµ (@=C + iV= ) − −
1
2
G 0(C) γµ +  − −:
(5)
The commutator of two supersymmetry transformations (3) closes as usual, modulo eld equations. A complete and
manifest o-shell formulation can be obtained from a superspace treatment. The relevant superspace action is dened
in terms of a real vector supereld V with lowest components (C; ; Vµ), and a pair of conjugate chiral superelds











V (+ + −)− F (V )

: (6)
Here F (V ) is an arbitrary real function of the supereld V , with lowest scalar component F (V )jθ±=0 = F (C).
Reduction of the superspace expression (6) in terms of components leads, after elimination of a number of auxiliary
elds and some rescaling of the scalars, to the expression (2) with the identication G(C) = F 00(C).
The eld equations derived from the lagrangean (2) are:
@  V = 0; @µN = G(C)Vµ − i2 G












G 00(C)  +V=  − +
1
8
G 000(C)  + +  − −;
(7)
for the bosonic elds, and
G(C) @=  = −12G
0(C) (@=C  iV= )  − 14 G
00(C)    ; (8)
for the fermionic ones. The rst two equations (7) indeed reproduce equation (1).
Because of translation invariance and supersymmetry, the theory described by L conserves four-momentum and
supercharge. The corresponding currents are provided by the energy-momentum tensor and the supercurrents. For
the energy-momentum tensor we use the symmetrized version
Tµν = G(C)


































It is obtained from the non-symmetric translational Noether currents µν by the addition of an improvement term:






"µνκλG(C)  +γκ −

; @µΩµν = 0: (10)
The eld equations (7) and (8) imply @µTµν = 0, from which the conservation of four-momentum Pµ =
R
d3xTµ0
follows. The supercurrents are obtained directly by Noether’s procedure and read (in an on-shell version)
S+µ = G(C) (@=C − iV= ) γµ + − 12 G
0(C) γµ −  + +;
S−µ = G(C) (@=C + iV= ) γµ − − 12 G
0(C) γµ +  − −:
(11)
As on shell @  S = 0, the conservation of the supercharges Q =
R
d3xS0 follows.
The manifestly covariant lagrangean description of the theory has an equivalent canonical formulation in terms of























The inclusion of the γ0 in the denition of the fermionic momenta is motivated by the general requirement that the
charge conjugation properties of the momenta reflect those of the fermion variables themselves. Furthermore note,
that V0 is a canonical momentum, whereas the 3-vector eld ~V is an auxiliary eld, which can be eliminated by its
algebraic eld equation; in particular in the following we use the identications






G0(C)  +~γ  −

: (13)
As usual, the fermionic momenta are not independend, and the theory possesses the second-class constraints:
 =  − 12 G(C)  ’ 0: (14)
As a result, the dynamics of the theory is generated by a hamiltonian |obtained from L by a straightforward Legendre
transformation| and a set of Dirac-Poisson brackets derived by reduction of the standard Poisson brackets to the





























G00(C)  + +  − −;
(15)
where it is to be noted, that r= = ~γ  ~r now denotes a 3-dimensional contraction. Subsequently the eld equations
are obtained from the hamiltonian H =
R
d3xH by the Dirac-Poisson brackets
@0A = fA;Hg ; (16)
dened in terms of the elementary brackets/anti-brackets
fC(r; t); C (r0; t)g = 3(r− r0); fN(r; t); N (r0; t)g = 3(r− r0);

C(r; t);  (r0; t)
} = G0(C)
2G(C)
 (r; t) 3(r− r0); f (r; t); C(r0; t)g = −G
0(C)
2G(C)
 (r; t) 3(r− r0);

 (r; t);  (r0; t)




In particular we note, that the equation







G0(C)  +~γ  −

; (18)
after the identication (13) is equivalent with _V0 = ~r ~V , or @ V = 0. A somewhat tedious calculation shows that (16)
and (17) indeed reproduce all covariant eld equations (7) and (8). We can now construct the canonical expressions
for the conserved four-momentum and the supercharges; for the energy-momentum vector we nd the results

















(C − i G(C)N ) + + (G(C)r= C − ir= N) γ0 + + 14 G







(C + iG(C)N ) − + (G(C)r= C + ir= N) γ0 − + 14 G




Like the hamiltonian generates the time-evolution, the supercharges generate the supersymmetry transformations:
the results (3) are reproduced by the brackets
3
()A = fA; Qg : (21)
The supercharges satisfy the standard super-Poincare algebra, in particular

Q; Q
} = 2P= . Note that the su-
persymmetry transformation rule implies !µ  fVµ; Qg = 2i µν@ν , where !µ is a conserved fermionic current:
@ ! = 0, as expected from supersymmetry and the conservation law of Vµ. It is also of interest to discuss the brackets
of the current components among themselves. By applying the identications (13) one nds the non-trivial results
n





~rr 3(r− r0); and fVi(r; t); Vj(r0; t)g = (G
0(C))2
(G(C))3
 +γ0ij − 3(r− r0): (22)
Note that the charge-conjugation properties of the spinors guarantee that  +γ0ij − = i 
y
−ij − = i 
y
+ij +, as
in our conventions ij is anti-hermitean.
For easy comparison we have performed the canonical analysis in terms of the elds related by the linear supersym-
metry transformations (3), at the price of dealing with o-diagonal terms in the Dirac-Poisson brackets (17). Observe,




Indeed, in terms of the new fermion elds the brackets read
fC(r; t); C(r0; t)g = 3(r − r0); fN(r; t); N (r0; t)g = 3(r− r0);

C(r; t); (r0; t)
} = f(r; t); C(r0; t)g = 0;

(r; t); (r0; t)
} = 1
2
γ0(1 γ5) 3(r − r0);
(24)
but of course the supersymmetry transformations (3) now become non-linear. We do not present here the new
expressions for the energy-momentum and supercurrents; however, the conserved current (1) is of particular interest








To complete its hydrodynamical interpretation, we relate the elds in our model to the fluid density  and velocity
uµ. First we consider the bosonic reduction, obtained by requiring the fermion eld to vanish:  = 0. The eld
equations (7) then reduce to










(−(@C)2 + 2 :
(26)
In the present context the current-conservation condition is to be interpreted as the equation of continuity in hydro-
dynamics, whilst the last equation (26) can be used to express the density  in terms of the eld C. The rst equation
(26) then implies that the velocity eld for xed  (i.e. for xed C) depends only on one degree of freedom, N . This is
also the situtation encountered in potential flow, when uµ = @µ, (@)2 = −1. Therefore our bosonic model describes





Such a relation is consistently realized if either @µ  @µ  Vµ, or else if N can be expressed entirely in terms of
, independend of : @N=@ = 0. In the rst case @µC  Vµ, and the bosonic part of the energy-momentum tensor
manifestly takes the perfect fluid form; indeed, if @µC = uµ, then
T (B)µν = pgµν + (p+ ")uµuµ; (28)
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. The case @N=@ = 0 is realized
if N = 2m,  = 2m=G(C), with m a constant of proportionality. It follows that N must satisfy the condition








For example, if G(C) = 1=C, we nd the imaginary-mass Klein-Gordon equation(
2+m2
p
C = 0; (30)
which allows non-trivial stationary solutions for the density  = 2mC. The more general Ansatz G(C) = Cp leads to
the non-linear relation
2C(p+2)/2 = m2 p(p+ 2)C−(3p+2)/2: (31)
If the fermion elds are switched on, the potential character of the flow disappears; indeed, as







the velocity is now parametrized in terms of one bosonic and two fermionic degrees of freedom. As eq.(22) shows, the
vorticity is non-zero as a result of the fermionic contribution indeed. In terms of the redened elds  these bracket
relations take the form





+γ0ij− 3(r − r0): (33)
In particular, for the case G(C) = 1=C the coecients of the bi-fermion term on the r.h.s. of eqs.(32) and (33) reduce
to constants, and the current is a linear combination of free boson and fermion currents.
The models constructed here can be generalized to include vorticity from bosonic potentials, by a supersymmetric
extension of the Clebsch decomposition of Vµ; this is explained elsewhere [11]. Consistent extensions of the models at
the quantum level are of potential interest in cosmology, where they could provide an eective description of an early
supersymmetric phase of the universe, and in condensed matter physics, where they might apply to quantum fluids
like 3He-4He mixtures, up to eects proportional to the mass-dierences of these isotopes.
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2It is possible to modify the action (6) so as to add a constant term to the energy; then the equation of state is changed to






; details are given in [11].
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